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SUMMARY 


A limited n-umber of lifting-surface-theory solutions 
for wings with chordwise loadings resulting from angle of 
attack, parabolic-arc camber, and flap deflection are 
now available. These solutions were studied with the 
purpose of detei*mining methods of extrapolating the 
results in sxioh a way that they could be used to deter- 
mine lifting- surface -theory values of the aspect-ratio 
corrections to the lift and hinge-moment parameters for 
both angle- of -attack and* flap -deflection- type loading 
that could be used to predict the characteristics of 
horizontal tail surfaces from section data with sufficient 
accuracy for engineering puiposes. Such a method was 
devised for horizontal tail surfaces with full-span 
elevators. In spite of the fact that the theory involved 
is rather complex, the method is simple to apply, and 
may bo applied without any knowledge of lifting-surface 
theory. 

A coit^arison of ea^erimental flnite-spsua and section 
values and of the estimated values of the lift and 
hinge-moment parameters for throe horizontal tail surfaces 
was made to provide an experimental verification of the 
method suggested. 


INTRODUCTION 


One of. the problems for v/hich lifting- lino theoiy 
has proved inadequate (see reference 1) is that of esti- 
mating the hinge-moment paraitistors of finite-span control 



2 


NACA TN No. 1175 


surfaces from section data. In reference 1 for uhlcb. 
oaqsorimental data were available for throe cases, 
satisfactory additional aspect-ratio corrections to the 
hinge moments of ailerons caused by chordwise loading 
due to .angle of attack could be determined by means of 
lifting-surface theory. 

Since the publication of reference 1, considerably 
more section and finite-span (tall surfaces and ailerons) 
hinge -moment data have become available, and in all oases 
the slope of the hinge-moment c^arve against angle of 
attack (measured at small angles of attack) could be 
predicted with satisfactoiy accviracy from the section 
data by moans of the Ilf ting- surf ace-theory aspect-ratio 
corrections. Althou^ the lifting-surface-theory aspect- 
ratio corrections were determined from a linear theory 
and thus apply only to the range of angles of attack near 
zero, they are extremely valuable for defining the stick- 
force gradient for the important hi^-speed case and are 
necessaz*y for estimating the stick- free stability 
characteristics. 

No Ilf ting-a-urf ace-theory solutions were available, 
however, for wings with chordwise loading due to flap 
deflection. In order to obtain at least one such solution, 
an electromagnetic-analogy model (reference 2) of an 
elliptic wing of aspect ratio 5* with the chordwise 
loading corresponding to that of a 0,5-chord plain flap 
in two-dimensional flow, was constructed and tested 
(reference 5)« m order to check the aspect-ratio correc- 
tions, determined from the results of the tests on the 
electromagnetic-analogy model, a semispan wing of the 
same plan form, same flap-chord ratio, and of the 
NACA 0009 airfoil section was constructed and tested 
in the Langley ^ 6-foot vertical tunnel. The results 
of these tests are reported in reference Ij.. 

As will be shown (see "Experimental Verification") 
the wind-tunnel tests provided a satisfactory check of 
the Ilf ting- surface- theory aspect-ratio corrections both 
to the variation of hinge-moment coefficients with respect 
to angle of attack and to flap deflection. 

Lifting- surface theory appeared to provide an accurate 
method of predicting finite-span characteristics from 
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section data. It might, however, be many years before 
sufficient Ilf ting- surf ace- theory results will be 
available to determine the corrections for any pl^ 
formi or flap-chord ratio because so many variables are 
Involved. The lifting-surface-theory aspect-ratio cor- 
rections were determined for elliptic wings; however, 
they apparently could also be applied to unswept wings 
of other plan foirnis (see reference 1), even to the 
rectangular wing as indicated by the data of reference 5» 
That is, the hinge-moment slopes near zero angle of attack 
and zero flap deflection were predicted satisfactorily 
for the rectangular wing of aspect ratio 5 t>7 of 
theoretical results for the elliptic wing of aspect 
ratio 5. 

The effect of the chord of the flap on the lifting- 
surf ace- theory aspect-ratio corrections was still to be 
determined; therefore, an electromagnetic-analogy model 
of an elliptic wing of aspect ratio 5 with elliptic 
chordwlse as well as elliptic spanwlse loading (approxi- 
mately circular camber) (reference 5) bxi elliptic 

wing of aspect ratio 6 simulating a steady roll were also 
tested (reference 6), A study of lifting-surface-theory 
results available (elliptic wings of aspect ratio. 5 with 
angle -of -at tack loading, 0.5-chord-flap loading, and 
parabolic-arc camber and an elliptic wing of aspect 
ratio 6 v/lth angle-of-attack loading and steady-roll 
loading) was made and certain c.onslstencles in the 
results were observed. Prom .these observations- the 
methods of extending the results so that they would 
provide Ilf ting- surface- theory aspect-ratio corrections 

of satisfactory accuracy for engineering purposes were ^ 

believed to be practical for horizontal tall surfaces 
of any flap-chord ratio, of aspect ratios from about 2 
to 7# and with almost any plan form provided that the 
dihedral, taper, and sweep are not excessive. Insufficient 
lifting-surf ace- theory data are available, however, to 
predict the variation of hinge moments v/lth elevator 
deflections for part-span elevators. 

The actual method of determining lift and hinge- 
moment parameters from section data is presented herein 

in a fairly simple form in "Application of Method," 

The theoretical development of aspect-ratio corrections 
to lift and hinge-moment parameters for elliptic wings 
with const ant -per cent age -chord, full-span flaps and the 
methods used to extend these corrections to other plan 
forms are given in "Development of Method," 
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A comparison of. the available experimental finite- 
span and section values and of the estimated values of 
lift and hinge -moment parameters is inade for three hori- 
zontal tail surfaces and is presented in the section 
"Experimental Verification," 
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SYMBOLS 

section lift coefficient 
tall lift coefficient 


Section lift 


qc 


9 


/Lift\ 

Vqs/ 



section hinge -moment coefficient 
/Section hinge momentX 

\ ) 

elevator hinge -moment coefficient 

dynamic pressure 

mass density of air, slugs per cubic foot 
angle of attack, degrees 

angle of attack. for two-dimensional, flow, 
degrees . . . 

effective angle of attack, degrees 

induced angle of attack, degrees 

ratio of maximvun ordinate of— a thin p^rabollc- 
arc airfoil to its semichord ' 


z 

6 

6 . 


Induced parabolic -arc camber 
ordinate of thin parabolic-arc airfoil 
elevator deflection, degrees 
tab deflection, degrees 
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A 

\ 

b 

c 


aspect ratio (b^/s) 

taper ratio Alp chord \ 
\Root chord/ 

span of horizontal tail 

span of elevator 

chord of horizontal tail 



y 

S 

Cj^Aa 


M 


chord of horizontal tail at center section 
chord of elevator 

root-mean-square chord of elevator 
chordwlse distance from leading edge 
spanwlse distance from plane of symmetry 
are a 

center~of-pressiare coefficient, location of center 
of pressure as a function of the chord 
lift coefficient, resulting from a unit angle - 
of-attack deflection Aa over part of the 
tall span 

Mach number 


P hinge-moment factor for theoretical load caused 

by streamline-curvatvire correction (refer- 
ence 6) 

B internal balance factor (ratio of pressure 

difference across seal to pressure differ- 
ence across vents) 

T) experimentally determined reduction factor 

for P to include the effects of viscosity 
(reference 6) 

K-^, functions to express variation of induced 

streamline curvature with flap-chord ratio 

K, K^, K 2 constants 

E Jones edge- velocity correction factor for lift 
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Increment 

tr ailing-edge angle, degrees 

vertical con^jonent of induced velocity 

vertical con?)onent of induced velocity resulting 
from trailing vortices 

free -stream velocity 

circulation around tail center section 
section lift-curve slope 


6, P,Qt 


U Aj A°l/^)e.p.5t 

/K\ 


o/6,p,et 


P»^t 


Cl. = 


■t/a,6,p 


6,p,6^ 
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^ 5 / a,p,6. 
a, 6, 6^ 


6,p,6^ 


a,p,e^ 


, _ g.p.6t 

Ol (*CL/«Hl)a,|3,5t 


Cv,_ = 


" 




T!he subscripts outside the parenthesis indicate the 
factors held constant in determining the parameter. 

Lifting-surf ace-theory parameters determined from 
lifting- surface -theory solutions of elliptic wings with 
two-dimensional chordwise loadings (these parameters 
are discussed when they appear in the report): 

aj_ 

induced angle of attack at the 0,5-chord line 
per unit section lift coefficient . 


2Tinax/x/c=0,5 


induced streamline- curvature lift coefficient 
per -unit section lift coefficient 


1.0 6 


majc) f c \ j /' y 
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induced streamline -curvature hinge -moment 

Cl coefficient per unit section lift “coefficient 

7 3 r-° Ha^i /0Nyy\\ 

\(ce/c)2 ATT Jo 6(1) [csj 

Subscripts; 

LL lifting-line theory 

LS lifting-surface theory • 

av average 

max maxlmTjm 

f, 5 flap- type chordwise loading 

b balance 

a angle-of-attack-type chordwise loading 

SC streamline curvature ; 

P' parabolic-arc camber chordwise loading 

e elevator or effective 

t tab 

ell elliptic 

2 determined from two-dimensional loading 

condition 

APPLICATION OF METHOD 
GENERAL METHOD 


The section lift parameters 

consequently ('^6^07,) section hinge-moment parameters 

(cj^^ and “^hg) assumed available for the airfoil 
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sections and flap arrangement of the horizontal tall at 
the Reynolds number, Mach number, and turbulence condi- 
tions of the f inlte-span-horlzontal tail. The method 
accounts for first-order compressibility effects, 
provided that the section values of the lift and hinge - 
moment parameters are determined at the proper value 
of Mach number. 


LIFT 

The Parameter C-r 

The slope of the cxxrve of lift coefficient plotted 
against angle of attack at small angles of attack may 
be found from figure 1 . The slope is given as a 

fiinction of the aspect ratio A and the slope of the 
section lift curve 07,^., 


Effectiveness parameter 




The value of the finite-span effectiveness 
parameter found from the section values ^ '^/ci 

in two steps (from figs. 2 and 5) if the horizontal tail 
does not have const ant -per cent age -chord elevators,- The 
effectiveness of elevators that have a variable value of 
the section effectiveness parameter found by a 

Cr/Aa 

mechanical integration of the parameter ■ — — 


(Ci/^a^ 


max 


presented in figure 2 as indicated by the following 
formula: 



( 1 ) 


The values of 
Ojy Aa 


are plotted against the value 
^ Z' 


of 


(oi/Aa) 


for all points 


-JL- 

b/2 


along the elevator 


V /max 

span. The area under the curve is equal to • 
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If 


span 


^ has a constant value along the elevator 


He 


lll 


= H 


Cl 


The 


corrected lifting-surface-theory value of_(a5)Q^ 

Is estimated from figure 3» The procedure is to estimate 
the average value of Cg/c over the- elevator span and 


determine the value of 




°ULS 

ratio is multi-plied hy the value of 


from figure 5, This 
determined 


Ho,,, 

from the curves of flg'ure 2 or by the section value 


if 


(“s) 




The Parameter C 




The slope of the curve of lift coefficient 

plotted against elevator deflection for small values of 
elevator deflection is equal to the product of Cij^ 

and which were found previously; that is, 


'Ld 


"a 


H 


Cl 


( 2 ) 


HINGE MOMENTS 
The Parameter Ch 

a 


The slope OLq; of the curve of : hinge -moment coeffi 

dent plotted against angle of attach at. small angles of 
attack may be found with satisfactory accuracy from the 
following equation; 



( 5 ) 
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In figure I 4 . are presented values of the parameter 


LS 


(oCi/5) 

(“«) 01 
are equal to 


The values of this parameter for 


= 1.0 


(tti/a) 


LS 


since a tail surface at an angle 


of attack a may he considered a tall surface with a 
full-chord flap having a deflection 6, 


Values of 


(“lO 


sc 


and 


is equal to 


are equal to values of 




SC 


Cl when — = 1.0, These values 
a c 


may be found from figures 6, and 7» figiire 5 are 

presented values of the parameter 

fACho) — a(a-]/l - m2 + k-2.l) \A - m2 

\ SC - 


Pticj 


6 


as a f-unctlon of 
ratio factor 


(O.l/oi^ 


a(a\A - m2 + U. 21 ) vl - m2 


Values of the aspect- 

are given in 


figure 6 and values of 


P 


^ for elevators with plain 

(°eA) 

(c^ = 0) and exposed-overhang balance c-|^ in figure 7(a) 

If an internally balanced elevator is used figure 7(b) 
and the estimated balance factor B, which is one minus 
the seal leakage ratio, should be used. The 
average value of Cg/c is used if this factor varies 

across the elevator span. The value T] = 1 - 0.00050^^. 

If the values of Cj^^_ for the various' sections 


a 


across the span do not vary from the mean value more than 
about 10 percent and the taper ratio of the tail surface 
is about 0 , 5 , it will usually be satisfactory to estimate” 
^Q]a j without making an actual spanwlse integration. 


av, 


a 


If the values of ch vary more than about 10 percent. 


"a 


it will be necessary to make an integration to obtain 
answers which are sufficiently correct. The following 
Integral is then used to evaluate (cj^ 'N 

\ ^/a.va 
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pbeA 


OO 




Value 3 of 



are given in figure 8, 


The Parameter 


ik) . 


The slope of the curve of hinge -moment coeffi- 

cient plotted against elevator deflection at small values 
of elevator deflection may he found with satisfactory 
accuracy from the follov/ing equation: 

Oha = ■ (t)ls Wave 


where values of (^h.Qj averaged by eye if 

varies only a small amount or by the following equation 
if it varies considerably 





VO 



( 6 ) 


The induced-angle-of-attack parameter (^-i/^^ls 

be determined from figure 4..fo^._!the average value 
of Oq/c. 


The following Integral is used for the evaluation 

(“Mava 




( 7 ) 
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Values of the parameter may he determined 

from figure 9 , Values of the streamline-curvature 


correction 


6, and 7 1^7 average value of 

elevator span. 


may be determined from figures 

o ve r the 




The Parameter 



The aspect-ratio corrections for partial-span tabs 
are usually smaller than for full-span tabs. An 
analytical method of calculating the corrections is 
not available but, according to the data presented in 
reference 7» average reduction factor of 0»90 is 
satisfactory; that is 



where the integration need be made only across the span 
of the tab. 


For full-span tabs the aspect-ratio correction is 
a little larger and may be computed more accurately by 
use of tt© following approximation. The same reduction 

in the value of cv,= caused by aspect ratio (last 

o 


two terms of equation (5.)) may be assumed to apply to 
cjig provided that it is multiplied by the ratio of 


the tab-lift effectiveness elevator- 

lift effectiveness <3 • Thus, 





( 9 ) 
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where 




SC 


was determined for the calculation of Chg 


/ 




^^6 




and 


( 10 ) 


DEVELOPMENT OP METHOD 
AVAILABLE LIPTING-SURPACE-THEORY RESULTS 
Analytic Solutions 


A complete analytic solution of the elliptic wing 
.has been obtained and presented in reference 8, The 
mathematical methods used were, however, extremely 
difficult and it does not seem to be practicable to 
obtain any numerical answers from this treatraent~except 
for the theoretical slope of the lift curve. The 
numerical values of the theoretical iift-curve slope of 
elliptic wings as given in reference, 8 are presented in 
figure 10 (a section lift-curve slope of 2tt per radian 
is used), 

Robert T, Jones presented a theoretical correction, 
in reference 9» usually called the Jones edge-velocity 
correction, for the lift of elliptic wings at an angle 
of attack. The lift-curve slope obtained by applying 
the edge-velocity correction is given in figure 10, 

Jones has also obtained (vinpublished) an edge-velocity 
correction for the damplng-ln-roll of elliptic wings. 

Although the Jones edge-velocity correction gives 
only about two-thirds of the total theoretical correc- 
tion to the slope of the lift curve (fig, 10) or to the 
damplng-ln-roll (reference .6), it has several very 



NACA TN No, 1175 


practical uses "because it is given "by such an extremely 
simple formula. First, it may be used to calculate the 
downwash at the 0,5-chord points of the wing. Because 
the downwash at the 0. 5 -chord points gives the amount of 
lift load which has an angle-of-attack type of chordwise 
load distribution (references 6 and 10), this fact is 
especisLlly valuable in estimating finite-span hinge- 
moment characteristics from section data* Secondly, 
the same formula that is used to apply the edge- velocity 
correction may be used as a reasonable basis of extrapo- 
lating other lifting- surface -theory results obtained for 
only one or two aspect ratios by use of the concept of 
an effective edge-velocity correction factor, (See 
reference 6 ,) 

Some studies have been made of the possibility of 
using a finite number of "horseshoe" vortices to represent 
the actual continuous loading over the wing. Palkner 
has developed (reference 11) a procedure for laying out 
the horseshoe vortices and has 'selected what he considers 
to be the most representative points for ccmputing the 
downwash for that layout of vortices for wings at an 
angle of attack or with continuous camber* 

Studies with the electromagnetic-analogy method of 
making liftlng-s.urf ace-theory calculations (described 
in reference 2) have indicated that the vortices used to 
represent the continuous loading must be layed out very 
carefully in order to obtain the correct downwash, 
especially for arrangements with spanwlse or chordwise 
discontinuities. Also, Palkner has two layouts only 
slightly different near the tip but which give very 
different values of the downwash. Thus it is believed 
that the results of any method using a finite number of 
horseshoe vortices must be examined with care, 

Palkner* s layout appears to give fairly satisfactory 
accuracy for the calculation of the lift-curve slope for 
cases of rather smooth loading. This layout, however, 
would probably be unsatisfactory for use for wings with, 
flaps or ailerons deflected; at least this case would 
require a different layout of the horseshoe vortices 
and, therefore, different tables for use in the calcula- 
tions, Also, the calculation of hinge-moment aspect- 
ratio corrections is considerably more critical than the 
calculation of the lift-curve slope, Palkner’ s results 
for the lift-curve slope are also presented in figure 10, 
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Semlgraph-ical Solutions 

Reference 12 presents a semlgraphlcal method of 
determining the downwash for any continuous distribution 
of vortices in a plane such as a lifting surface. Some 
of the results obtained by this method are summarized 
in figure 11 • 


Ele c t r omagne tic- Anal ogy Solutions 

The electromagnetic-analogy method of solving 
lif ting-svirf ace-theory problems (reference 2) has been 
used to solve several oases (I’eferences 2, 5, 6, and 
unpublished). A summary of some of, these results is 
given in figure 11. 


METHODS OP EXTENDING RESULTS : OP AVAILABLE 
LIPTING-SURPACE- THEORY SOLUTIONS 


Extending the limited number of lifting-surface- 
theory solutions, previously described, to apply to 
other aspect ratios and chord loadings required addi- 
tional assumptions that would permit the evaluation of 
the various lif ting-svirface-theory parameters necessary 
for the evaluation of aspect-ratio corrections for 
elliptic wings with constant-percentage-chord full-span 
flaps. These assumptions are believed to be satisfactory- 
according to present knowledge; however, they will 
iindoubtedly be modified to some extent as additional 
lifting-surf ace -theory results become available. 

The induced downwash at the 0,5 chord line, deter- 
mined by lifting-surf ace-theory methods for elliptic 
wings of aspect ratios 5 aiih 6 with angle -of -at tack- 
type chordwise loading, agrees with the downwash of 
elllpitlc wings computed by the use of the Jones edge- 
velocity correction factor E (reference 9)» ^he edge- 
velocity correction factor may be uSed to estimate the 
downwash at the 0,5 chord line of elliptic wings. The 
relation for an elliptic wing of aspect ratio A with 
angle -of-at tack- type chordwise loading may be shown to 
be 
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A + 1 + A(E - 1) 
8 8 


The- first of the right-hand terms a/ 8 represents the 
downvrash induced by the bound (lift) vorticity and the 
last two terms represent that induced by the trailing 
vortices. 

The center-of-pressure coefficient - Cp is assumed 

to be the most important parameter with regard to the 
effects of chordwise loading. The lifting-surf ace - 
theory solution of reference 3 for an elliptic wing with 
parabolic-arc-camber chordwise loading may be then 
regarded as a solution for a wing with a chordwise 
loading corresponding to that of a plain flap of 
vanishingly small chord in two-dimensional flov/ since 
both have the same center-of-pressure location, 

Lifting-surface-theory measurements for elliptic 
wings of aspect ratio 5 with various chordwise loadings 
show that the downwash Induced at the 0,5 cho 2 ?d line 
by the trailing vortices is a linear fimctlon of the 
center-of-pressure coefficient,’ (See fig, 11(b),) For 
an elliptic wing of aspect ratio A with a chordwise 
loading" having a center- of -presstu?e coefficient C , 

the downwash at the 0,5 chord line induced by the 
trailing vortices is therefore assumed to be given by 


^w^ = i + 


2T II- 

max 


A(E - 1) 


8 


(2 - k-Cv^ 


Since and c^ = — , the parameter ~ 

is then 


^ = — fl + A(E - 1)(1 - 2C„)1 
C 7 ATT L J 


( 11 ) 
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Streamline-curvature corrections for lift and hinge 
moment have been developed in references 6 and 10, 

The corrections are obtained by summing, across the wing, 

6 ) 

the 'oaranieter (a measxire of the parabolic - 

6{x/c ) 

arc camber (reference 5)) times the chord ratio c/cs 


for the lift correction or times the chord ratio 
squared (c/cs)^ for the hinge-moment correction. 


These streamline -curvature f\mctions are assumed to 
vary with aspect ratio in the follov/ing manner for any 
chordwise loading! 



6(x/o) \Og/ \b/2/ A + K 2 


where Kr and Ktt are functions of the chord loading. 
Then ^ ^ 


AC 


L 


_SC _ _8_ 

ATT A + 


( 12 ) 


and 


AC 


^SC Pt] 


5 




iL 


( OeA)^ At A + 


(15) 


By use of the available lifting- surface -theory data, 

and were evaluated as ^ ,6^ axid l].,2i, respectively. 
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Values of tiie functions and Kjj are plotted In 

figure 12 against elevator -chord ratio Cg/c. 

As in reference 6, the concept of an effective 
edge-velocity correction was \ised to extend the llfting- 
sxzrface- theory results for the slopes of the 11ft- 
c^lrves and The formula used to evaluate Eq, 

which is used for calculating in. reference 6, is 

oc 


Eq = i. 65 (e - 1) + 1 


Similarly, the effective edge-velocity correction E©^ 

for elliptic wings with full-span constant-percent age - 
chord flaps is 


= K(Eq - 1) + 1 ( 14 ) 

where K is a function of only the flap-chord ratio. 

FORMULAS USED TO CALCULATE ASPECT-RATIO CORRECTIONS 

General Discussion 


For the problem of predicting the characteristics 
of finite-span control surfaces, it is preferable to 
determine the Ilf ting -surf ace -theory solution in the form 
of corrections to the simpler lifting-line theory rather 
than to make complete analytic potential-flow solutions 
such as were obtained in reference 8, The main effects 
of viscosity can. then be Included by basing the finite- 
span estimations upon experimentally determined section 
data; this method is especially necessary for hinge-moment 
estimations. Thus, the only lifting-surface solutions 
that may be used for aspect-ratio corrections for hihge- 
moment estimations are those solutions for which the 
shape of the surface required to support a given lift 
distribution was determined. Corrections to the given 
lift distribution may then be determined by calculating 
the Incremental lift distribution given by a surface 
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equal- to the difference between the as-sumed surface and 
the calculated surface required to support the original 
given lift distribution. The changes In hinge -moment 
resulting from- this Incremental lift distribution can 
then be determined. 

Formulas for determining these corrections to the 
span load distributions, and rolling- and hinge-moment 
characteristics have been developed in connection with 
jet-boundary-correction problems (reference 10), 

These formulas are based on the assumption that the 
difference between the two surfaces Is equivalent, at 
each section, to an lncrement“of angle of attack plus an 
Increment of parabolic -arc camber. The data of refer- 
ences 2 and 3 show that such assumptions are justified 
since the chordwlse distribution of downwash Is approxi- 
mately linear. Those formulas are based on thin airfoil 
theory and thus do not consider the effects of viscosity, 
wing thickness, or compressibility. 

Viscosity ,- The complete additional aspect-ratio 
correction consists of two parts. The main part results 
from the streamline curvature or induced parabolic-arc 
camber and the other part results from an additional 
increment of induced angle of attack (the angle at the 
0,5c point) not determined by lifting-lino theory. The 
second par-t of the correction is normally small, 5 to 
10 percent of the first part of the eorroctlon. Some 
experimental data-lndicate that the effects of viscosity 
and wing thickness are to reduce the theoretical streamline- 
curvature correction by about 10 per;c.ent for airfoils 
with small tralling-edge angles. Thus, essentially the 
same final answer, is obtained whether the corrections are 
applied in two parts (as should be done, strictly speaking) 
or whether they are applied in one part but using the 
full theoretical value of the s-breamline- curvature correc- 
tion, The added simplicity of using a single correction 
rather than applying it in two parts led to the use of 
the method. of application of reference 1, 

The Use of the single correction worked very-well 
for the ailerons of reference 1, Which were ailerons 
with small trailing-edge angles. In the present- report 
It-'is desired to determine the proper aspect-ratio cor- 
rections for tall surfaces with beveTed trailing edges. 

For these cases, for which viscous effects may be much 
more pronounced, the reduction in the theoretical 
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streamline -curvature correction may be considerably more 
than 10 percent. Also It may be easily seen that when 

Is positive, the effects of the reduction In the 

streamline -curvature correction and the additional down- 
wash at the 0,5c point are additive rather than com- . 
pensating, Altho\igh at present there are insufficient 
data to determine accurately the magnitude of the reduc- 
tion in the streamline -curvature correction for beveled 
ailerons, the simplification of applying aspect-ratio 
corrections in a single step does not appear allowable 
for beveled ailerons. The corrections will, therefore, 
be determined In two separate parts in. order to keep 
them perfectly general j one, a streamline -curvature 
correction and the' other, an angle-of-attack correction. 
An examination of the experimental data available at 
present indicates that more nearly accurate values of 
the hinge moment resulting from streamline curvature are 
obtained by multiplying the theoretical values by an 
empirical factor t] which is very nearly equal 
to 1 - Q.,000'^0^ , 0 being the tra'i ling-edge angle in 

degrees; however, this factor will doubtless be modified 
when further experimental data are available. 

Compressibility ,- The effects of compressibility 
upon the additional aspect-ratio corrections were not 
considered in reference 1, Pirst-order compressibility 
effects can be accovinted for by application of the 
Prandtl-G-lauert rule to llfting-siorface-theory results 
(reference 15.). This method consists in determining the 
incompressible flow characteristics of an equival ent 

wing whose chords are increased by the ratio i/t/l - 
where M is the ratio of the free-stream velocity 
to the velocity of sound. Because approximate methods 
of extrapolating the estimated lift and hinge -moment 
parameters to wings of any aspect ratio will be deter- 
mined, the only estimations necessary are those of the 
hinge -moment and damping parameters corresponding to an 
equivalent wing of wh ich the aspect ratio is decreased 

by the ratio The estimated parameters for 

the equiv alent wing are then increased by the ratio 

l/4 - m2. 

In most cases the changes in the aspect ratio and 
in the lift and hinge -mom ent pa rameters obtained by 
applying the ratios of t/L ~ oan be shown to be 

simply equivalent to the changes obtained by using a 
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value of the section slope of the lift curve at the proper 
Mach *nujtnber . The compressibility corrections were applied 
in this fashion; that is, by assuming that the section 
slope of the lift curve was experimentally determined 
at the proper, value of Mach number in all cases except 
the case of tho aspect-ratio extrapolation factor for 
streamline -curvature load, (See figs, 5 and 6.) 


General Lifting-Surface-Theory Formulas for the 
Determination of Aerodynamic Characteristics 
of -Elliptic Wings from Section Data 


In the present section general lif ting- surf ace - 
theory formulas for dete.rmlnlng the aerodynamic charac- 
teristics of elliptic wings from section data are developed. 
In the section entitled "Extension of Formulas to Other 
Aspect Ratios and Plan Forms" methods of extending these 
results to apply to wings other than elliptic ahd further 
details of tho methods of extending tho results to other 
aspect ratio's are presented. 


Slope of lift curve In order to support, in 

th r e e - dime n s i ona 1 f 1 ow , the load which would exist on an 
elliptic wing with full-span flap of constant -percentage 
chord if the flow were two-dimensional the wing, in 
addition to the flap deflection, must be given an 
Induced angle of attack and an Indviced parabolic-arc 

camber p^. The Induced angle of attack is constant 


across the span, but the Induced camber Is not. If it 
is assumed that a value of p^_ weighted in proportion to 


the chord can be used with the slope 
camber lift. 



to ,give the 



In order to calculate the characteristics of flnlte- 
span wings from section data the induced angle of attack 
and the induced camber per unit flap deflection for the 
three-dimensional lifting-surface load must be known. 

The finite -span lift-curve slope is then 
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CL6 * 




P 


(15) 


Because an average value of Is to be used with, 

theoretical values of ci.p» is convenient to write 

(^^Lg), • Equa- 


the last term of equation (I5) as 
tion (15) may then be written. 


SC 


^Lg °Z.g 




(16) 


The induced loads (®i/®}LS°^a 

f SC 

considered as positive quantities and the negative signs 
account for the fact they actually are downward loads. 

The induced angle of attack for the liftlng~surf ace 
load is a function of the two-dimensional flap 
load Induced (negative) angle-of-attack 

load Induced (negative) camber 

load PiL3°7,pJ that is, 

ai = -a, c, , -pj^ c, \ 

LS \ ^ ^LS LS ^P/ 

The value of (®i/®)ls then the derivative of the 

function f with respect to 6 and 

( 2 ±) = 

^-PiLS°^p) 


% 
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As mentioned previously, the inducec 
as positive quantities even though 1 
downward loads . Thus 
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loads are considered 
ey are actually 
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Similarly, the induced camber lift is obtained as 



Solving equations (I7) and (I8) simultaneously for 





CO 

CT) 


Substituting these values in equation (l6) gives 



Slope of lift curve If in equation (21) Oi^ is substituted for c^^. 

Cl "Tor 0x7"^ iSH a For“subscripts f, the resulting expression gives the slope 

ij(J -Uq 

of the lift against angle- of-attack curve for an elliptic wing; that is 


\ 



I , 


ii.ii 



I 


le 


I 

f 


1 
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'-f 

1 

■“! 






Slope of c-grve of hinge -moment coefficient against 
flap deflection 


The hinge-moment parameter 
o 


■'he 


of a full-span cohstant-percentage-chord flap on an 
elliptic wing may he expressed by an equation similar to 
equation (l6). 






(23) 


Values of given by equation ( 19 )> ajnd 

la evaluated by a relationship similar to 

equation (20), 



Slope of curve of hinge -moment coefficient against 
angle of' attack The equation for the estimation 

of from section data is obtained by substituting ' a 

for Q in equation (23), which gives 



(25) 


By the same procedure equation (2)4.) becomes 



28 


NACA TN No. 1175 



Extension of Formulas to Other Aspect 
Ratios and Plan Forms 

Lift-curve slope C-r The formula for determining 



the slope of the lift curve from lifting-line theory 
(reference li|.) Is 


fClgA : 

A + 

TT 


(27) 


The values of f presented in reference llj. for, 
wings of different aspect ratios and taper ratios were 
always between 1,0 and O.98, Since the value of c^^ 

will seldom be known to within 2 percent it is probably 
satisfactory to assvime f = 1.0, 

The slope of the lift curve including the Jones 
edge-velocity correction is (reference 9)» 
ci^ = 0,109 degree (2tt per radi^), 

C = 0»109A 
AE + 2 


If ci^ is not 0,109 the slope of the lift curve with 
the Jones edge-velocity correction may be shown to be 
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C 


La 


57.3c, 
ae + 


& 


TT 


( 28 ) 


In reference 6 the concept of an effective edge- 
veloclty correction Eq was introduced, the value of Eg 

being selected such that the downwash met the airfoil 
boundary condition w = aV at the 0.75c point. Numerical 
values of Eg are given in reference b. Thus, the final 

formula for the slope of the lift curve for small angles 
of attack is 



Act, 


a 


57.3cr 


AE 


e 


TT 


(29) 


In figure 10 is given a comparison of the values 
of calculated by this formula and by other 

theoretical methods for a value of 07,^, = 0,109 per 
degree or 2 it per radian. 


Effectiveness parameter 




According to the 


assumptions of lifting-line theory, the parameter ^<^ 5 ) 




is independent of aspect-ratio effects. Prom lifting- 
line theory, the lift due' to the deflection of an 
elevator Clq may be found, thus 



nl 

-1 



( 50 a) 
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or 



(30b) 


where curves of Cjy'Aa against 


-X- 

b/2 


may be obtained 


from the calculation of the lift caused by the deflec- 
tion of ailerons of various spans such as those used in 
re ference 15 . Because 





and 



equation (!)■ is obtained 




pl.o 

( rr \ 

C]^Aa 

Jo ^ 



Cr/Aa 

Numerical values of -r r were . calculated fur the 

(Cr/Aa) 

wings of reference I 5 and are presented In figure 2, 
Because there is a greater lifting-surface-theory correc- 
tion to C-r than to Ct= , there is a lifting- 

“LL °LL 

surface -theory correction to * 


The corrected 
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value of full-span elevators may be estimated 

by computing Ct_ similarly to .G-r from equation (11); 
that is, ® a 


" 




Cl 


57.3c, 




'a 


IT 


where is an effective edge-velocity correction 

determined for flap-type chordwise loadings. Thus, 

ICn 

(“sio. 


'Lfi 


Ac 


a(“=)= 




AEef + 


a 


7T ■■ 


AOi 


a 


57.3C1 


AEq + 


a 


TT 


(51) 


and 


57.30j 


(°s) c 
(■"e) 


s_ + 

L _ 


a 


57.5c, 


Cl 


®f 


a 


TT 


(32) 


The values of the effective edge-velocity correc- 
tion Eq^ used in the determination of and 

were determined in the following manner: 
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Values of were computed froip equation (21) for a 

series of flap-chord ratios and .an aspect ratio 5* 
Values of Eq^ were then determined so that, for a 

section slope of the lift curve of 2n, given by 

equation (21) was equal to 

2«(o6)oj 

® + 2 
6f 


T3ie values of Eq^ obtained in this manner for 

various flap-chord ratios were than extended to other 
aspect ratios by use of the relationship 

K(Ee - i; +- 1 


as previously suggested. The values of Eq^ determined 

for elliptic wings in this manner are assumed to apply 
to wings of other plan forms • 

Hinge rfnoraent” angle -of-attack slope The finite- 

span value "of the slope of the ctirve of hinge -moment 
coefficient plotted against angle of attack as given by 
lifting-line theory is 



where is the lifting-line theory value of the 

LL y 

induced angle of attack at each section — Refer- 

b/2 

ence 6 shows that the complete value of the induced 
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angle of attack is given by the lifting-surf ace-theory 
value of the downwash angle at the O.50 points and that 
this value for a wing at an angle of attack is larger 
than that given by lifting-line ' theory, A further 
lifting-surf ace-theory correction resulting fron the 
effective-camber changes must also be applied. In the 
past the induced angle, of attack has been estimated by 
use of the Jones edge-velocity correction, and the 
streamline- curvature correction for hinge -moment coeffi- 
cients has been used oincorreoted for aerodynamic induc- 
tion (references 1 and 6 ), The effect of aerodynamic 
induction is to reduce t^ streamline -curvature load by 
a small increment of angle -of -at tack- type load. The 
final value of streamline curvature is not altered but 
the final value of angle of attack is. The method 
developed in the section "General Lifting-Surf ace -Theory 
Formula for the Deteimilnation of Aerodynamic Characteristic 
of Slliptlc Wings from Section Data" takes into account 
the change in induced angle of attack caused by the 
streamline curvature. 

For tall surfaces of approximately elliptic plan 
form, may be considered constant across the span. 

For either rectangular or highly tapered tail surfaces, 
varies markedly across the span, Lifting-s-urf ace- 

theory results for the downwash at the 0,5c points are 
not available for wings other than elliptical.; however, 
a satisfactory approximation .to the induced angle of 
attack may be obtained by calculating the variation in 
the induced angle along the span from lifting-line theory 
for the particular plan form and estimating the addi- 
tional Ilf ting-surf ace- theory induced angle for an 
equivalent elliptic, wing of the same aspect ratio. The 
varlati.on in the Induced angle across the span is 
calculated as the ratio of the induced angle at each 
section to the Induced angle for the equivalent elliptic 
wing, both calculated by means of lifting-line theory. 

These calculations were made by the method presented in 
reference 16,- Two types of plan form were considered: 
straight taper with square tips and straight taper with 
elliptic tips covering 15 percent of the span. The 
results are presented in figure 9 » Thus, 
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For tall surfaces of nearly elliptic plan form (X 
"between O.Ij. and 0,6) and having elevators of nearly 
const ant -percentage chord so that ;C]^^ is almost 

constant, equation (3^) niay be simplified to equation (3) 





SC 


When cannot be averaged by eye, it may be 

evalxiated from 



which is equivalent to equation (I|.). The curves of 
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computed by use of values of 


(ai/a). 


for elliptic 


U WV-L K/ J (.4.0^ WJ. V CbJLM.W O J. / XjS ^ 

wings from figure ij. and values of (^^^'^ell/LL 


f igure 9 • 

Values of 


may be estimated from the 


V 

parameter ^ACv ( . p/ - ) — a(a\A - + 14 .. 2 i)-\/l - 

\ S' SC pncig ^ 

for elliptic wings presented in figure 5* (tTse curve 

C Q 

labeled — = 1,0 and substitute c^,^ for °l 5 *) 


Methods for determining the factor 


for 


(=e/“) ^ 

externally balanced elevators are dlecussed in refer- 
ences 6 and 10 and values are presented in figure 7(a-). 
Values of the • factor were calculated for internally 
balanced elevators and are given in figure 7(1^ )• Values 

1 

of the aspect-ratio factor — " ■ ■ 

a(a\A “ + i|-.2l) vi -~M^ 

are shown in figure 6, The value of r) is 1 - 0.0005i^^» 

Hlnge-moment-elevator-def lection slope Prom 

lifting-line theory. 



3e-theory 

must be estimated from the values computed for elliptic 
wings (equations (I 9 ) and (2ij.)), 


As for the C>,. calculation, llftlng-sur, 


values of 


(“i/s) 




LS 


and the camber correction 
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The evaluation of 

^LS 




is similar to 


Its evaluation for Values of .. ^i/®}ls elliptic 

wings may be obtained from figure Ij. by use of an average 
value of Cq/o over the span of the elevator. It is 
then assumed that this value may be corrected to the 
proper plan form, by multiplying by the ratio of the 
Induced angle along the span from lifting-line theory 
for the particular .plan form to the ;lnduced, angle for 
the elliptic wing from lifting-line theory. Values of 
this ratio ^ are presented in figure 9 


for various plan forms. 


It is assumed that the streamline-curvature correc- 
tion. may be evaluated from figures 5^ 6, 

and 7 average value of Cg/c, 



which is equivalent to equation (5)»! 


Elevator-hlnge-moment-tab-deflection slope Cv^- ,- 

H 

The aspect-ratio corrections to ( the s lope of 


the curve of elevator hinge moment plotted against tab 
deflection) are from about one-half to one-fourth of 
the aspect-ratio correction to ^hg*’ fact, in 

reference 7 s.n empirical correlation; of the parameter 



was made that was based solely on geometric characteristics 
(strip theory). Because the correlation was satisfactory 
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the aspect-ratio corrections, especially for partial- 
span tabs, may be assumed small enough to allow the 
variation of these corrections with total-svirf ace con- 
figuration to be neglected. Thus, a constant reduction 
factor of about 0,9 may be used with satisfactory accuracy. 
For completeness, however, the lifting-surface-theory 
values of the aspect-ratio corrections will be presented 
for the case of full-span tabs along with an estimate 
of the approximate magnitude of the corrections. For 
partial-span tabs the load induced by the tabs on the 
part of the elevator to either side of the tab appears 
to neutralize a large part of the small decrease in 
load which occurs over the elevator and tab. The aspect- 
ratio corrections for the full-span tab arrangement are 
thus the larger. 

From Ilf ting-line theory, for an elliptic wing 



and. from lifting- surface theory, for an elliptic wing 







( 57 ) 


To a first approximation, 

SC 

assumed to be the same for any flap- or tab-chord ratio, 
thus , 





( 58 ) 


where 



( 59 ) 
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Bie expression in the brackets in equation (39) Is 
equal to the reduction in cj^ caused by plan form 

(equation (5))» redwtlon in is therefor© 

(“8t)o, 

equal to the reduction in Ch. times the ratio — r— 

In order to estimate the magnitude of the aspect-ratio 

^ 1 

^ JL.^ ^ si. •- -W-. 


correction c^g ~ oj^ 

Xt 


(“6), 


may be used 


for usual tab-elevator-chord ratios of about 0.2. (See 
reference 17») Also from refer^ce 1, Oij^ 

therefore, the reduction in Oj^ caused by aerodynamic 
Induction is approximately 0,4 of the reduction in c>^ 

o 

and, further, Cko *0,8o>, for a full-span tab. 

fit 

Equation (59) may usually be used to estimate Cfh„ 

“fit 

for full-span-tab arrangements with siifficient accuracy. 


EXPERIMENTAL VERIFICATION 


Results of wind-txinnel tests are available for 
three finite-span models of horizontal tails of 
NACA 0009 section and aspect ratio 5 (references 4 
and 5 and unpublished data). oSiese tall surfaces have 
rectangular, elliptical, and linearly tapered 2tl plan 
forms. All have fvill-span elevators. 

In each of these reports, tables are presented giving 
a conparlson of the experimental values and the values 
confuted for C^^ by us© of the Jones edge-velocity 

correction, and for Cj^^ by use of both the Jones 
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edge-velocity correction and the additional aspect-ratio 
correction resulting from the aerodynaralcally Induced 
elliptic loading (reference 1), At the time of publica- 
tion of reference 1 no values of the correction for 
were available, ° 

For the various arrangements for which data are 
available, values of (“6 )cl* were 

computed by the method presented herein and are presented 
In table I, 

The agreement between the measured and the calcu- 
lated values for all the parameters Is believed to be 
satisfactory considering the probable . accuracy of the 
me aspired data, although the estimated values of the 
parameter seem slightly greater than those 

obtained by llftlng-llne theory and the aspect-ratio 
corrections to Chg for the elevators without overhang 

balance do not seem to be quite large enough. The three- 
dimensional bound ary- layer flows, especially for the 
tapered wing model with a sweptforward and beveled 
trailing edge. Is believed to be the main cause of the 
discrepancy. The aspect-ratio corrections for the 
elevators with overhang balance, however, are slightly 
too large. The Ilf ting-surface-theory aspect-ratio 
corrections are generally much more accurate than the 
lif tlng-llne-theory corrections; however, the values 
of computed by means of llftlng-llne theory are 

In fair agreement for the elevators with moderate amounts 
of overhang balance. 


CONCLUDING REMARK 


The Ilf tlng-siirface-theory method presented is 
believed to allow a satisfactory estimation of the lift 
and hinge-moment parameters of horizontal- tail sxirfaces 
with full-span elevators from the section data. The 
application of the method Is fairly simple and requires 
no knowledge of lifting- surface theory, A comparison 
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of experimental finite-span lift and hinge-moment 
parameters for three horizontal tail surfaces with the 
parameters estimated by the method provided a satisfactory 
verification of the method. 


Langley Memorial Aeronautical Laboratory 

National Advisory Committee for Aeronautics 
Langley Field, Va«, April 25, 19^6 
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Aspect rat/Oj A 

Figure /.- CAart based on //ft mg -surface tneory for determ/nat/on 
of the slope of the //ft cur ye for sma/f angles of attoch. 


Fig,, 1 NACA TN No. 1175 
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Fig. 2 



effect/i/'&/?ess por-a/n&ter for for/zoricr/ ^o//s 

w/th e/ei/oiors . /}oy//?g c/7orc/s rot a corstari 
joercertage of t/?e w/ng ct?org. 
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f^/gurQ S-.— CJ7Qrt basec/ on J/ft/ng~ Surfoce cb^ory fnr tbe 
evo/t/oi/on of tffe fmit&-span //ft effectiveness para/neterj frsl 
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Figure 4r Chart based on /ff ting- surface theorg for eva/uathn of 
induced angh of attack for umt geometric ong/e of att<xd( or 
e/ei^otor dsftect/on. 
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of the //>cre/?7ent of h//?ge-mo/ffent coeff/c/e/)t caused //JotucBd 
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eiff/puc c/?orcjWf3'e foou/na. 



Aspect fot/o. 

Figure 6r Aspect ratio factor //^A(A'fi-r^+ 
caused bg induced eiiipt/c chord wise k 






Hinge- moment- coefficient correction ■ factor) 


Fig. 7a 
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InterfKr/ aerocf^na/n/c Aa/a/7ces. 

Figure 7- Conduded. 
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E<^oat/o/7 29 
Ar/e/?es Reference S 
Jo/jes Ref9re/Ke 9 
Fa! kner (method of i^ereticeH^ 
^ ® sy\/^epback ) 
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Aspect ratiOj A 

Figure !0r S/ope of the //ft carye, os co/cu/ated by various 
t/jeoretico/ methods for a sect/bn s/ope of 27f/rad/ao /Yi^o 
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C/7ord /oac///?Sf A /R&ferer?ce 

Ang/e ofattocA 3 

O,5‘c/7ord f/ag 3 3 

Parojbo//c~ arc 3 3 

ca/J7^&r 

Ang/e of attack 6 /2 
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ogarhurse stat/o/?y 

CoJ Incfuc&cf ca/??bc/:‘ 

F7gi/re //.- 3c//7?/f7ary of ay^a/Aab/e //ft//^-:S^rfac&-tAearg 
so/uf/ors. 





Fig. 11b 


NACA TN No. 1175 


C/?orc/ /oac^/hg' 


/RefGr&/?ce 


o 

A/?pf/e of attach 

3 


A 

O. S- chord f/ap 

3 

3 

□ 

Paraho/zc -arc 
ca/nh^r 

3 

3 

o 

Argf/e of attach 
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C^/?cG/^-of-pr'&ssc//~e co&ff/c/e/7Cy 
0^) f/7d£/ced abkv/?was/7 at ^/?e 0.5' chord ///?e 


F/ac/re //.- Corc/d/ded. 



Induc&d camber funct/ons, cmd K^i 
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Fig. 12 
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F~/gure f^r Vor/at/o/? of ^/?e /rdc/ced cam tec fancl/ons 

Kl e/evator^ chord rat/o- 


